SADLER MATHEMATICS
METHODS UNIT 3

WORKED SOLUTIONS

Chapter 4 Area under a curve

Exercise 4A

Question 1

a

By counting squares ~ 19% squares

Each square =0.1x 0.1
=0.01 units®

19.5x0.01=0.195
. Approximately 0.2 units®

Underestimate :

=0.1x 0.5 +0.1x 0.6 +0.1x 0.7* +0.1x 0.8* +0.1x 0.9*
=0.1x1.4979

=0.14979

Overestimate :

=0.1x0.6"+0.1x0.7* +0.1x 0.8* +0.1x 0.9* + 0.1x 1*
=0.1x 2.4354

=0.24354

Mean :

~0.14979+0.24354
2
=0.196665

.. Approximately 0.197
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Question 2

a Estimate by counting squares ~ 20% squares.

Each square =0.2x 0.4
=0.08 units®

20.5x0.08=1.64
. Approximately 1.7 units’.

b Underestimate :
=0.2x(4-1.2) +0.2x (4-1.4*)+0.2x (4-1.6°) +0.2x (4 -1.8%)
=0.2x6.8
=1.36 units®

Overestimate :
=0.2x(4-1)%+0.2x(4-1.2°)+0.2x (4-1.4°)+0.2x (4-1.6°) +0.2x (4—1.8°)
=1.96 units?
Mean:
- 1.36+1.96

2
=1.66 units®
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Question 3

a Estimate by counting squares ~ 33 squares.
Each square =0.2x1

=0.2 units®

33x0.2=6.6
. Approximately 6.6 units®.

b Underestimate :
=0.2x[0.2°+2(0.2) +0.4° +2(0.4) +0.6* + 2.(0.6) +...+1.8" + 2(L.8) |
=0.2x29.4
=5.88 units?

Overestimate :
=0.2x[0.2°+2(0.2) +0.4° +2(0.4) +...+ 2* +2(2) |
= 7.48 units?

Mean :

_ 5.88+7.48
-
=6.68 units®
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Exercise 4B

Question 1

a At x =5,
y=2(5)+5

=15

Atx=9,
y=2(9)+5

=23

Area = %x 4(15+23)

=76 units?

b Lg (2x +5)dx
= [xz +5x]z
= (81+45)—(25+25)
=126-50
=76 units®
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Question 2

a At x =4,
2y+4=16
y=06
At x =10,
2y +10=16
y=3
Area=%x6(6+3)

=27 units?

b 2y +x=16
2y=16-X

1
=8-——X
Y 2

— (80— 25)— (32— 4)
= 27 units?

Question 3

J.143\/; dx
3 4
={3xgxz}
3 1
3
=[2x42 —2><1]

=14

© Cengage Learning Australia Pty Ltd 2019



Question 4

a

J‘124x‘2 dx

~(-2-(-4)
=2

Question 5

2
[T

12,
_8
12

w|nNo

Question 6

2
I:XT dx

12,

43 23
:(5_5}

2

—4%
3

Question 7

fle dx

[5¢'];
=(5x32—5x12)
40
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Question 8

[ (ax+5) dx
= [ZXZ +5x]1_1
=(2+5)—(2-5)
=7-(-3)

=10

Question 9

[F@a-x*) dx
-0

Question 10
Jjsz dx
=[¥],
=27-8
=19

Question 11

J-_21(6x2 +7) dx

= [Zx3 + 7X]:
=(2x2°+14)—(2(-1)*-7)
=30 (-9)

=39

Question 12
3

jo 1+ x%) dx
T
3 0
3

=(3+3—j—0
3

=12
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Question 13

Jj(x+x2) dx

Question 14

[N

o]
=(9x3—9)—(9x 2—%3]

_p2
3

Question 15

j:(2+ X)* dx

| @+x)° '
=" 0
32

5 5
=48.6-6.4

=422
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Question 16

1

J.O (2+5x)* dx
_1p 4
_EIOS(Z+5X) dx

1[50
5 5

_ir 2
505 5

=671

0

Question 17

I:12x(1+ x%)%dx

= 6.|.012x(1+ x%)%dx

:6{a+%f}
3

:6[a+n3_a+ofJ

0

3 3
=14

Question 18

ﬁ(4+x62dx
-0
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Question 19
1
L(1+ x2)? dx

= fl(1+ 2% +x*) dx

a  [0)o

b [ 0) dx
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Question 21

:81—103
3 3
_ o1
3
5 2
c J'O (4x—x?) dx
5
:[2x2—x—3}
3 0
3
={2x52—5—j—0
3
_gl
3
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Question 22

8 a2
a L (3x° +2x) dx

[eex]
=(3F+3)-(1+D
=34

b Jj (3x* +2x) dx
o]

=1+1)-(3+3%)
=-34

Question 23

a I;(xz) dx

b [*@x*) ax

c j: (4%?) dx
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Question 24

[‘n(zx+3) dx

:[x2 +3x]:[

=(n2 +3n)—(n2 —3n)

=6n

Question 25

j; (2% + 6x?) dx

=[x2 +2x3]2ﬁ
:(22+2x23)—(\52+2(ﬁ)2)
=18-42
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Exercise 4C

Question 1
a, e f
Question 2
a No

b No

c Yes
d No

e Yes
f Yes
g Yes
Question 3

[ @x+1) dx
:[x2+x]§
=(4+2)-0
=6
Atx =0,
y=2(0)+1
=1
At x =2,
y=2(2)+1
=5

Area :%(1+ 5)x 2

=6 units?
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Question 4

4
I:XI dx

20,
45 25

20 20
=49.6 units?

Question 5

:6g units?
3

Question 6

8-2x*=0
2x* =8
X2 =4
X=%2
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Question 7

j:(l—x3) dx

4]
4 0

e
4

_3 units?
4

Question 8

[ (x+D? +1) e
= }
4 -2

(o) e

=2 units?
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Question 9

joz(x2 ~1) dx
j:(x2 ~1) dx

i
)

76 -1 ox
{5
R

15

Area_£+E
3 3

=2 units?®

Question 10

[L@-x) dx—["@-x°) o

=3.5 units?
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Question 11

]

[+ dx [ (x+2)°

:_{(xﬂ)“}‘l{(xﬂ)“}" I R ...
4 1, 4 |

o

R )

T\

cDom @ o @

11 /
=273 LowE(f—z Upper=
= 0.5 units® Jdg=2 .

' O
Question 12

—J._Ol(12x(1— x2)3) dx + j:(12x(1— x2)3) dx

1

o] ]
ALY
(24

=3 units®

ower=—1
fdx=0
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Question 13 —

X-int: at
2-x*=0
x=irx/§
I_I;(Z—xz)dx
) 5 Lower=—1.414 % Upper=1,4142
3
_ 2x—X—} [d¢=3. 77123617, MI=3. 77123617
L V2
3
- _LJ_(Q(_\/E)_@J
W2 [ 42
-3 3
=¥units2
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Question 14

y=x’

x-int and y-int (0, 0)
y=3-2X

y-int: (0, 3)

x-int: (1.5, 0)

Points of intersection :

x? =3-2x

By ClassPad, x=-3,1

Intersection points (-3, 9) and (1, 1)

f3(3—2x —x2) dx

:10g units?
3

(x=3)?=x-1
i(x—3)2 =2(x-3)
dx

0=2(x-3)
X=3
. (3, 0) is a minimum turning point.

y
(_3’ 9)
(0,3)
/1
©,0) \ (L5,0) «

© Cengage Learning Australia Pty Ltd 2019

o Edlt Zoom Analysis 4 (%]

ST e

'Sheet1 TShEEtETShEEt3TShEEt4TShEEt5}

E yvl=y 2 — n
M v2=3-2-x t—ll
[]¥3:0

[ ]v4a:0

| |y5:0

[ ]¥6:0

|_|1|::r'7'|_| n

x

T E 5452 0| 1 %2 4568 7
Lower=—3 —5r UFM
Jdx=—10.666667__| M=10. 66B6L67

Deg Real [

20




Question 15

By ClassPad, x=2, 5

[ (x=1)-(x-3)"] ox

= 4.5 units®

R[>
Sheet1 [Sheet2 |Sheet3 [Sheetd [Sheet5 |
My1=(x-3)2 —0

M v2=x-1 t—ll
[]¥3:0
[ Jv4:0
NEH
[ ]¥6:0

|_|1|::r'7'|_| n
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Question 16

] %+ Edit Zoom Analysis e x
R 8 1 EE B EE 0
0 ) 12X e Sheet1 [Sheet2 |Sheet3 [Sheet4 [Sheet5 |
- 2 M y1=x2_2.x+3 o
At(i( ;)Lisxa m?:l;ir; furning point. F2=2'X2 —
[]v3:0
%(sz):4x [Jy4:0
0- 4x | l¥5:0
x=0 [Jv6:0

Atx=0,2x* =0
. (0, 0) is @ minimum turning point.

Points of Intersection :
x?—2x+3=2x2
By ClassPad, x=-3,1

1 L 1 1 1 1 1
J._3[(x2—2x+3)—(2x2)} dx Lﬂﬁl_fgr;5—3_4 = =

[ (- 2x+3) [d¢=10- 6666667 ofMl=10. 6666667

% | T

2 - 2 —_
=10§ units Deg Real ]

(0, O)I (1,2) «
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Question 17

y = X has no stationary points.
d 3 2

—(x°)=3x

o )

0=3x*
x=0
Atx=0,x*=0
. (0, 0) is a stationary point)

d
—(3x*)=6
dX(x) X

Atx=0,6x=0
-0.1 x=0 01
x> +ve 0 +ve
/ - /

.. (0, 0) is a horizontal point of inflection.

X3 =X

xX*—x=0

x(x2—1)=0

x=-10,1

ﬁ(XB —x) dx+I:(x—x3) dx
1 1

=—+4—
4 4

= 0.5 units?

y

(1,1

(0, 0) x
(_11 _1)
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Question 18

y=2x"-3x & Edit Zoom Analysis e (%)
y-int: (0, 0) S MM RN n
x-int:2x*-3x =0 YEI I IEIEI @I-IL\*—
By Classpad. x—— 2. 0. 2 Sheet1 [Sheet2 |Sheet3 |Sheet4|Sheet5 |
e PYRR P M y1=7-x —0
Points of intersection : v 3’2=2'X3—3-x [—1.
2% —3x = 7x [1y3:0
By ClassPad, x =—/5, 0, 5 [Iv4:0

NH

[]v6:0

I_It:r'T'|_| u

9. 23615,
2 1.5658-13. |

Upper=2. 2361

Rad

j_oﬁ(ZXS —3x—7x) dx+jf[7x—(2x3 —3X)] dx

= I_Oﬁ(Zx3 —lox) dx+J'f(10x— 2x3) dx

4 0 45
[X——sz} {sz—x—}
2 E 2 |,

=125+125
= 25 units®

by

©,0)

-5

(5, =73)

(35, 74/3)
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Question 19

Ilo(zoo—xz)
o 50
_100

3
s Area =2x 100
3

dx

= 66g units?
3

Cost : 66 % x 45
=$3000
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Exercise 4D

Question 1

a jlz°(3x2 ~60x+500) dx
3000
$3000

b | (3x*~60x+500) dx
=39 000
$39 000

Question 2

"-100@ dx

25\/;

=2500
$2500

Question 3

20 400
— dx

10 x+1
= 258.6509

= $259

a

40 400
— dx

20 x+1
=267.6199

= $268
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Question 4

8
a [ 40(25-t)dt

8
[ 40(25-t)dt

S
=40| 25t ——
L 2 5

2 2
=40 25x8—% —(25x5—5—ﬂ

2

=40[200-32-125+12.5]
=40x55.5
=2220

Question 5

01 1110
jmt—dt 05{t }
1 5
05 1.1 1.1
11[10 5]
~3.0528. ..

~3.1

Question 6

28
[ (5.1+0.04t) dt

=48.48
= 48.5 million
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Question 7

a j:°(2o—o.15t2) dt =150
150 kL

b j:(zo—o.15t2) dt = 20
20 kL

c j:°(20—0.15t2) dt=6

6 kL

Question 8

a  [[e00+ >0 o
0 (t+1)
= 2880
2880 sales

b [ 600+ |t
4 (t+1)
=620
620 sales

Question 9

a [ 150 0% | gt
0 (t+2)
=400

b [150--2_ ]t
4 (t+2)
=560

c [ 150 0% | 4t
1 (t+2)
=100

d [ 150 0% | gt
3 (t+2)
=130
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Miscellaneous exercise four

Question 1

y=4
iX=-5
(y=0.5x+2
(Y =X+3
ty=2x-4
y=—x-1
'y=X-6
ty=-2x-10

I O Mmoo w >

Question 2

a f'(x)=2-9x*

b f'(5)=2-9(5)° =-223
c f"(x) =-18x

d f"(~5) = —18(-5)=90
Question 3

a j: (2x) dx

2 3
22y:_2 12
() 3

_16 2
3 3
_14
3
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Question 4

ﬂ=(x+5)x1+(x—3)x1
dx

=X+5+x-3
=2X+2

Question 5

ﬂ:(x+5)(—1)+(3—x)x1
dx
=-X-5+3-X
=-2X-2

Question 6

ﬂ=(2x+1)x1+(x+5)x2
dx

=2X+1+2x+10
=4x+11

Question 7

((jj_y: (5-2X)x 2+ (2x+1)(-2)
X

=10-4x-4x-2

=8-8x

Question 8

%z(x+1)2x2+(2x+7)x2(x+1)
X

=2(x+1)? +2(x +D(2x+7)
=2(x+D)[x+1+2x+7]
=2(x+1)(3x+8)

Question 9

%I(2X+5)3><5+(5X+6)><3(2X+5)2><2
X

= (2x+5)*[5(2x +5) + 6(5% +6)]
— (2x +5)%(40x + 61)

© Cengage Learning Australia Pty Ltd 2019
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Question 10

a 92:2@x+nx3
dx

=6(3x+1)
When x = -1,

Yy =6(3(-1) +1)
dx

=-12
Tangent is of the formy =—-12x+c

Using (-1, 4)
4=-12(-1)+c
c=-8

.. Equation of tangent isy =-12x -8

b Yo yax.a

dx

_ 4

o (@xy

Whenx:l,
4

ﬂ__ 4

d - 2

s
4

=4

Tangent is of the formy =-4x+c
Using (0.25, 1)

1=-4(0.25)+c

c=2

.. Equation of the tangentisy = —4x+2

© Cengage Learning Australia Pty Ltd 2019
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dy =4(3x-5)°*x3
dx

=12(3x-5)°
When x = 2,

dy =12(3(2) -5)*
dx

=12
Tangent is of the formy =12x+c¢

Using (2, 1)

1=12(2)+c

c=-23

.. Equation of tangent isy =12x—23

dy (x=-3)(2)-(2x-1)x1
dx (x—3)°

_ 2X—6-2x+1

o (x=93)

-5

- (x-9)

When x = 4,
dy 5
dx  (4-3)
=5
Tangent is of the formy = -5x+c¢
Using (4, 7)
7=-5(4)+c
c=27
.. Equation of tangent isy = -5x + 27

© Cengage Learning Australia Pty Ltd 2019
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Question 11

Y _ 2x-3)20)+ (¥ -1)(2)
dx

= 4x* —6X+2x* -2
=6Xx" —6x—2
6X> —6Xx—2=-2
6x°> —6x=0
6x(x-1)=0
~x=0,x=1

When x =0,

y =(2(0)-3)(0°-1)
=3

When x =1,
y=(20) -3 -1

=0
.. Points are (0, 3) and (1, 0)

© Cengage Learning Australia Pty Ltd 2019
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Question 12

The y-int (0, 30) gives d =30

d—y:3ax2 +2bx+¢C
dx

When x=0,ﬂ=—1 =c=-1
dx

When x =1, ﬂ =-17
dx
-17=3a+2b-1 = 3a+2b=-16 — Equation 1

2

Whenx=19Y - 10
dx

d 2y £ Edit Zoom Analysis + (x]
= =6ax+2b =R EREEE R
dx
. sheet1[sheet2 [sheet3 [Sheet4 [Sheet5 |
-10=6a+2b — Equation 2 BIv1=2.x311.x2—x430 ‘=
Cy2:0
Solving Equationsland 2 simultaneously gzjg
a=2b-11 [¥5:0
Cv6:0
y =2x>-11x* - x+30 e
0= 25 ~11x¢ — x+30 /\ /
By ClassPad x=-1.5, 2, 5 O S S ———
(-1.5,0), (2,0) and (5,0) / \/
- |
Deg Real 0|
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Question 13
a IZOxsdx
_ 20x*

4
=5x*+c

+C

(on

1
_[6x2dx
3
=6x2 ><3+C
3

3
=4x2+cC

c j(x+3)4dx

5
3
)

o

[ (2x+3)dx

_1 4
_Ej2(2x+3) dx

_ 1 (2x+3)
2 5
5
_(@x+3) .
10

+C

e [60x* (1+x°)* dx
= ZOJ.3X2 (1+x*)*dx

3\5
:20(1+x)

+C
=4(1+x*)° +¢

f J'(1+ x?)? dx
= J.(1+ 2x% + x")dx

3 X5
=X+—+—+C
3 5
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Question 14

a Profit = Revenue — Cost
=25.5x— (6000 +18Xx)
P(x) = 7.5x—6000

b P(x) = 7.5x— 6000 = 0

7.5x = 6000
x =800
c Marginal cost, C'(x) =18 = .". $18 per unit
Marginal revenue, R'(x) =25.5 = ..$25.50 per unit
Marginal profit, P'(x) =7.5 = .. $7.50 per unit

© Cengage Learning Australia Pty Ltd 2019
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Question 15
a=6(t+1) m/s’
V= jadt

= [6(t+1)dt

(t+1)°
2
=3(t+1)°+c

X:Jvdt
= j (3(t+1)+c)dt
=3(t+1)3

=6 +C

+ct+d
=(t+1)°+ct+d

Whent=1x=3
Xx=@1+1)°+c+d
3=8+c+d
c+d=-5 — Equation 1

Whent=2,x=19
x=(2+1)°+2c+d
19=27+2c+d

2c+d=-8 — Equation 2

Equation 2 — Equation 1

2c+d =-8
c+d=-5
c=-3
d=-2

SX=(t+1%-3t-2

Whent =3,

x=(3+1)°-3(3)-2
=53m

v=3(t+1)°-3
=3(3+1)*-3
=45m/s

© Cengage Learning Australia Pty Ltd 2019
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Question 16

a A:I(Zp—1)3dp
_1 3
== J2@p-1)dp

4
_1 @Y
2 4
4
_@p-h
8
Whenp=0
4
o.5=—(2(023_1) +C

b A=[8p(p*-1)dp
=4[ 2p(p* -1°dp

2 4
4
=(p*-D"+c

45=(2°-1)"+c
c=-36
S A=(p*-1"-36

© Cengage Learning Australia Pty Ltd 2019
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Question 17
2 2
a IO (—=3x7) dx

=[],
=(-8-0)

--8

. Area = 8 units®

b 3-3

XZ
3x?
XZ

0
3
1
t

X 1

Area :I:(3—3x2) dx+I:(3—3x2) dx
=[3X—X3]: +[3x—x3ﬁ
=((3—1)—(0—0))+((3—1)—(6—8))
=2+(2-(-2))

=6 units?
Question 18
3x+1
a dx
%)
= I(S&JriJ dx
X

NE

3
:3x2x§+2\/§+c

3
—2x2 +24x +¢

53X +1
b L \/; dx
=[2JF+2\&T
= (2125 + 2+/5) — (2464 + 24/4)
=125-20

© Cengage Learning Australia Pty Ltd 2019
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Question 19

a y = x* —5x* —6X
= X(x* —5x—6)
=X(x—-6)(x+1)

x> —5x* —6Xx cuts the x-axis at (-1, 0), (0, 0) and (6, 0) and the y-axis at (0, 0).

y=x>-9x-10
=(x-10)(x+1)

x* —9x—10 cuts the x-axis at (-1, 0) and (10, 0) and the y-axis at (0,-10).

b x> —5x% —6x = x*—9x-10
x> —6x*+3x+10=0

When x = -1, (-1)* - 6(-1)2 +3(-1) +10 =0
x=2,2°~6(2)2+3(2)+10=0
x =5, 5% —6(5)2 +3(5) +10 =0

Alternatively,
x* —6%° +3x+10 = (x +1)(x* + bx +10)
—6x =1x* + bx?
b=-7
SoXE=6x% +3x+10 = (X +1)(x* = 7x+10)
=(X+1)(x-5)(x—2)
(x+D)(x-5)(x-2)=0
x=-12,5

When x =-1,
a=(-1)?-9(-1)-10
=0

When x = 2,
b=2"-9(2)-10
=-24

When x =5,

c=52-9(5)-10
=-30
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Question 20

a Given C(x) = ax® —bx* +cx
Average cost per unit = Cost for x units + x
ax® —bx® +cx
X
=ax’ —bx+c

To determine when the average cost is a minimum,
find the derivative of the average cost function,
put it equal to zero and solve.

%(axz—bx+c):2ax—b:0

X=—
2a

When x = i
2a

Average cost per unit

b* —2b® + 4ac
4a
—b* +4ac
4a
Marginal cost = C'(x) = 3ax” —2bx +¢

When x = L
2a

Marginal cost

2
= Sa(i] - 2b(1]+c
2a 2a

_3p* 2p?
T 4a 2a
~ 3p®-4b® +4ac

4a
—b? +4ac

4a

When x = 21 the average cost per unit = marginal cost
a

© Cengage Learning Australia Pty Ltd 2019
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b Given C = f (x), then the average cost per unit is ﬂ_
X

The minimum point for the average cost function:

4/ 100)
dx\ x
_ xf'(x) - f(x).1

XZ

_xt'(x)— f(x)
N X

Solving for x when the derivative is equal to zero:

xF'(x)—-f(x)

— =

xf'(x)—f(x)=0
xf'(x) = f(x)

0

Average cost per unit = marginal cost

f(x) _ ¢
~ W

f (x) = xf'(x) as required
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